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ABSTRACT

The global economy is energy-dependent because energy consumption is
comprehensive, capital and energy are to a large extent complementary production factors,
and international trade in the energy-carriers is highly specialized. A two-country model of
this paper reflects these features and emphasizes a dynamic interdependence between capital
accumulation and oil stock extension by oil-consuming and oil-producing economies.
Financial openness under conditions of energy-dependence is necessary for optimal
investment in the production factors separated by national border. The oil price plays in this
model is endogenous and plays a key role in equalization of returns and the determination of
optimal factor structure in the global economy. The model extension to the case of
uncertainty in oil demand demonstrates that cross-country investments mitigate negatively
correlated country-specific risks and allows households to build asset portfolios composed of
non-diversifiable global risks which are the same for both economies.
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Introduction

Whether financial openness is important or redundant if nations trade in goods is a
matter of a long-standing controversy. Cross-country risk sharing should provide insurance
against country-specific risks and improve allocation of goods. But this improvement may be
negligible in percentage of GDP if risks are generated by output shocks. Cole and Obstfeld
(1990) demonstrated that in this case complete risk sharing may be delivered through terms-
of-trade effects and there is no need in asset trade. This result explains the international
diversification puzzle that financial portfolios are strongly home-biased in the world where
trade in goods and assets is permitted and frictionless. On the contrary, Baxter and Jermann
(1997) showed that returns to labor and domestic capital are highly correlated and hedging
non-marketable human capital risk requires significant short positions in domestic
marketable assets. Full diversification of country-specific risks would thus be possible under
a very deep financial integration between industrial countries.

In this paper we do not concern the home-bias problem, but examine the role of
financial openness for the case of an energy-dependent world economy with investment in
production factors — capital and energy. This case markedly differs from the usual
representation of the world economy by structurally similar industrial countries exchanging
final goods which are imperfect substitutes. There is a high degree of specialization in the
world energy production and a strong heterogeneity and interdependence between economies
consuming and producing energy-carriers. On one hand, energy is an essential input for most
economies with a high degree of complementarity with physical capital. Smith (2009) points
at a very low oil demand elasticity which is equal to — 0.05 in the short run. On the other
hand, global reserves of oil and natural gas are distributed very unevenly between developed
and less developed economies and are clustered in the few oil and gas-rich countries.'

Because of the specialization in the production of final goods and energy, oil-
consuming countries do not practice trade barriers against oil imports. Barriers are often

imposed with regard to cross-border investment flows related to the world energy sector.”

! For instance, OPEC and the three former Soviet republics — Azerbaijan, Kazakhstan and Russia — produce
together only 5.3 per cent of the world GDP but are endowed with 77.3 per cent of the total world oil reserves
(according to International Energy Agency information).

% A tendency of financial protectionism strongly manifested before the global crisis of 2008-09, at the period
of soaring world oil price. Some politicians in the developed countries advanced defensive measures against
the sovereign oil funds engaged in strategic investment abroad that, supposedly, threatened national security.
This tendency became even more prominent as the energy-dependence had got the status of a national
security problem in the developed countries. Another side of the very same tendency is the strategy of
resource nationalism exercised in some oil-exporting countries to maintain control over national resources.



Can one justify such a policy along the line of Cole-Obstfeld’s reasoning that international
asset trade is redundant in the oil-dependent world economy provided that trade in goods is
free? We argue that in this case financial openness is important, apart from risk sharing, as a
condition of optimal accumulation of the basic production factors — capital and oil reserves.
To the extent that the economies specialize in trade and the world oil reserves are regionally
clustered, these factors can be viewed as country-specific. The optimal factor accumulation
path relies on a link between investment in capital and oil reserves which is absent under
financial autarky. Trade only in goods is, hence, not enough for optimality of an equilibrium
path if households invest only in home factors.

To formalize this argument we suggest a two-country model of trade and factor
accumulation with oil as a production input complementary to physical capital. One of the
countries is endowed with a capital stock and a final good manufacturing technology, while
the other one — with an oil stock and an oil extraction technology. The economies are
completely specialized in production and trade in which the final good is exchanged for oil
(J7 and OPEC is a relevant case). Following the view of Adelman (1990)°, we ignore the
ultimate depletion of the world oil reserves which is indefinitely distant. The oil stock is
assumed to be an inexhaustible factor playing in our model a dual role. It is a reservoir of oil
and, at the same time, a production factor in oil extraction similar to capital in the final good
manufacturing.” This property implies that the equilibrium oil price, which is endogenous in
the model, is the sum of the marginal costs of oil stock maintaining and oil extraction. The
former turns out to be constant, while the latter is increasing with the global factor structure
— the world ratio of capital to oil stock — predetermined by investment decisions made
previously by households in both countries.

Both capital and oil stock can be extended in any period through investment that
predetermine the next period oil price which, in turn, defines the marginal expected returns
on capital and oil stocks. The investment decisions are optimal if these returns are equalized
across countries. This is ensured, without asset trade, by an implicit forward oil price which
determines the next period optimal factor structure and investment. Under financial autarky

investment decisions of households are independent, and the returns on capital and oil stock,

Financial protectionism in both cases is motivated merely by political arguments like claims to prevent the
threats of losing strategic controls.

3 Adelman’s (1990) critique of “the Hotelling theory” is based on the assumption of fixed stock of mineral
resource: “There is no such thing. The total mineral in the earth is irrelevant non-binding constraint. If expected
finding-development costs exceed the expected net revenues, investment dries up, and the industry disappears.
Whatever is left in the ground is unknown, probably unknowable, but surely unimportant; a geological fact of
no economic interest” (op. cit., p. 1).

* This kind of oil extraction technology has been used, for instance, by Devarajan and Fisher (1982) in a two-
period model of natural resource extraction and reserve exploration under uncertainty.



generally, differ for a transitory equilibrium path. Opening of international bond market is
sufficient for household investment to be optimal in the deterministic case.

The model is extended to the case of uncertainty in the oil-to-capital input coefficient
causing fluctuations of inelastic oil demand. Under financial autarky the returns on capital
and oil stock are negatively correlated, as well as the national incomes, indicating non-
optimality of allocation of the world economy resources. Complete risk sharing occurs under
equalization of the marginal rates of substitution across countries and states of nature
implying equalization of the expected risk-adjusted returns on the production factors. The
implicit forward oil price underlying risk sharing eliminates negatively correlated risks in the
factor returns and ensures optimal investment.

This inference should be contrasted with Cole-Obstfeld’s finding that asset trade may
be redundant. Output shocks in their model cause fluctuations in the terms of trade that
automatically pool risks, since a country’s terms of trade are negatively correlated with
growth in its export sector. For certain parameter choices the terms-of-trade responses alone
provide perfect insurance against output shocks through complete risk sharing between
countries.” On the contrary, the terms of trade in our model aggravate the effects of oil
demand shocks on the world income distribution under financial autarky. The reason is that
the marginal extraction cost (and the oil price) is increasing under a positive oil demand
shock due to complementarity of capital and energy. Financial openness thus eliminates or
mitigates the positive terms-of-trade effect.

We show that international investment is sufficient for a cross-country exchange of
risks mitigating the shock-aggravating terms-of-trade effects. Opening of borders for direct
and indirect foreign investment results in the equalization of risk-adjusted expected returns to
the production factors. Though the risk sharing is incomplete and interstate marginal rates of
substitution may vary between the countries, the global factor structure is near optimal for a
small oil extraction rate (the ratio of oil extraction to oil stock). This is a consequence of the
household asset portfolio structure under cross-country investment that brings about a
positive correlation of risk premium in the factor returns. A risky benchmark asset portfolio
corresponds to the global factor structure and is the same for both economies. Households are

rewarded by the benchmark portfolio if the oil price falls, but this reward is larger on average

3 Cole and Obstfeld used a Lucas-type (1982) two-country framework with investment in production factors and
output shocks to show that for an important “knife-edge” case optimal allocation takes place under financial
autarky. Heathcote and Perri (2009) demonstrated a somewhat similar result based on the Backus, Kehoe and
Kydland (1995) model. They showed that changes in international relative prices provide insurance against
country-specific shocks, and due to this portfolio choice does not play the key role in risk-sharing. Home bias in
the Heathcote-Perri model arises because relative returns to domestic stocks move inversely with relative labor
income in response to productivity shocks.



for a higher oil price. As a result, asset trade encourages households in both countries to
invest in the production factors under upsurge of oil demand.

The next section presents the basic equilibrium model of the global economy under
financial autarky and certainty. The deterministic model captures in a simple way the
problem of country-specific factor accumulation and is presented for expositional purposes.
Section 2 deals with a planner problem and conditions of optimal investment. Section 3
extends the basic model to uncertain oil demand and concerns the issue of risk sharing.

Proofs of propositions are collected in appendix.

1. The basic model

In the basic model we consider a global economy that consists of two countries
engaged in the bilateral exchange of goods for commodities. Country 1 is endowed with
production capital and a manufacturing technology, and country 2 — with an oil stock and an
oil extraction technology. The oil stock is renewable through investment in its maintenance
and extension. Oil is absent in country 1 and manufacturing is absent in country 2.

Bilateral trade is essential for the global economy. Oil is exchanged for the final good
on the competitive international markets under full specialization of the economies. All oil
extracted in country 2 is exported to country 1 and used for the final good production as an
intermediate energy input making the capital workable. The final good is used for
consumption and investment in both countries and also as an intermediate input in oil
extraction.

Each household in country 1 owns a final good-producing firm and in country 2 — an
oil-extracting firm. Firms of each type are homogenous among households that make

decisions on consumption and investment in the home production factors.

1.1. A two-country world
Countries differ in the size of population which is assumed constant. The number of
households is /;in country 1 and /, in country 2, and the total world populationis /, +/, =1.

Households are representative agents with homogenous preferences living indefinitely and
maximizing the integral discounted utilities of consumption.

The country 1 household problem is to maximize

0

Vi ZZﬁt“(cn)a (L.1)

t=0

subject to a sequence of budget constraints per period



¢, +i, =Yy (1.2)
and a sequence of equations for capital accumulation:

k., =(1-d)k, +i,, (1.3)
where c,, is the household consumption in period ¢, u(c,,) is per-period utility, 8 € (0,1) is
the discount factor, y,, is country 1 household income, £, is physical capital per capita, d is
the rate of capital depreciation, i, 1s investment in capital.

A household is endowed with an initial capital stock &, and a technology for the final

good production. The output per firm is a function of an oil-backed capital, f, = f (lgt) , which
is a Leontieff function of physical capital and oil input:°

k, = min(k,,q,/0). (1.4)
Here ¢, is oil input into the final good production in period ¢, and 6 is the parameter of oil

input in relation to physical capital k,. Production function f (12,) is neoclassical and

satisfying the Inada conditions.
The country 1 household is self-employed and supplies a unity of labor to its firm.
The household income per period is equal to the final output, less the oil purchase from

country 2:

v, = f(k)-Pg,. (1.5)

where P, is the oil price in units of the final good.

The household problem for country 2 is to maximize

V, = zﬁtu(CZI)’ (1.6)
t=1
subject to the per-period budget constraints
02t+i2t :y2t’ (17)
and the oil stock equation:
S, =S8 —X +i, /0, (1.8)

where c,, i1s consumption, s, is the oil stock at the beginning of period 7, y,, is the
household income which is equal to the oil rent per field owned by the household, x, is oil

extracted from the field, 7,, i1s investment in the oil stock, 1/6 1s the marginal productivity

® This is an extreme assumption adopted here for the sake of simplicity and to emphasize complementarity of
energy and capital pointed out in the introduction. A more realistic approach allows for ex ante substitutability
of energy and capital for newly installed equipment. For instance, Wei (2003) utilizes a putty-clay production
technology with energy consumption and heterogeneous capital vintages.



of investment.” The latter provides maintenance of the oil stock equivalent to x, and its
extension by the next period s,,, — s, . A household is endowed initially with oil stock s, .

An oil field is identical to a competitive oil-producing firm. The oil rent per field is
equal to the oil revenue less the extraction cost:

VY, =Px, -z, (1.9)
where z, is the final good input in oil extraction. The oil extraction technology of the field is
given by a homogenous of degree one, twice continuously differentiable production function
of oil stock and intermediate input: x, = ®(s,,z,).* An extraction rate is the amount of oil
extracted during one period in relation to the stock. It is monotonously increasing and strictly
concave in the intermediate input intensity:

x/s,=¢(z,/5,)=D(,z/s,), (1.10)
satisfying the feasibility constraint ¢(z,/s,) <1 and the Inada conditions: ¢'(0) =0,
¢'(0) =0, and having the shape depicted in figure 1.” Under these assumptions the

extraction is positive for any price and the stock cannot be exhausted in any period.

x,/s,
R e bz, /s,)
z, /s,
0

Figure 1: The extraction rate function

Equilibrium under financial autarky is a sequence of oil prices P, and plans of the
final good production and oil extraction f,,q,,x,, consumption-investment c,,i,,j =12,
and factor accumulation £,,s, solving the households’ problems and satisfying at any period

the market-clearing condition:

0=Xx, (L.11)

7 The model would capture oil depletion if the productivity of investment in oil stock is assumed to be
decreasing with cumulated volume of oil already extracted indicating scarcity: §, = 5(2’70 x ), 0,>0.

¥ We ignore labor input which is insignificant in the oil industry. By the oil stock we mean proven reserves.
(z,/s,)"

’ An example of such function is ¢( z,/s)=—"+—"“"—
1+(z,/s,)"

,O<a<l.



where O, =1q,, X, =1,x, 1s total demand and supply of oil. The market-clearing condition
for the final good is fulfilled as identity:

F=C,+C, +1,+1,,+Z,. (1.12)
where F, =1 f, is final output, C, =1/,c, .1, =1,i, is aggregate consumption and investment

in countryj, j =12, Z, = 1,z, 1s total intermediate input in oil extraction. '’

1.2 Production and investment decisions
The decision on oil extraction is adopted in any period by a country 2 household to

maximize the one-shot consumption utility'" u(c,,) =u(Px, —z(x,,s,)—0(s,,, —s, +x,)),

t+1

where z(x,,s,)=¢ '(x,/s,)s, is the extraction cost function. The first-order condition for x,
implies that the oil price is the sum of the marginal extraction cost and the marginal cost of
oil stock maintenance compensating extraction in the current period:

P=p +6 (1.13)
where p, = 0z/0x, is the marginal extraction cost. The equilibrium oil price (1.13) is the sum
of the “static” term p, related to oil extraction in the current period and the “dynamic” term

0 measuring the cost of oil stock restoring by the next period (or the alternative cost of oil

extraction). The marginal extraction cost p, differs from the oil price P, by constant term 6 .
For the sake of briefness the term p, will be called in what follows the oil price, as well as
P, whenever it does not lead to confusion.'?

The oil supply per field is x, = 5,£(p,) , where £(p,) 1s the equilibrium extraction
rate as an increasing function of the oil price: £(p,)=¢(S(p, ")), £ =¢'' =z, /s, is the
equilibrium intensity of intermediate input. The function £(p,) satisfies: £(0)=0,

lim £(p,)=1, lim &'(p,)=0. The oil extraction function ¢(z,/s,) is assumed to have a
P>

P>

sufficiently high curvature to guarantee that the equilibrium extraction rate £(p,) is strictly

' The final output by country 1, F,, differs from the global GDP Y|, +Y,, = C,, +C,, + I,, + I,,, where

Y, =ly,. Yo =Ly,.

"' This results from combining the household budget constraint per period (1.7), the oil stock equation (1.8), and
the oil rent equation (1.9).

12 Under the model extension pointed out in footnote 7 and capturing oil depletion, the oil price equation (1.13)
would transform as: P, = p, + 6, +6/i,, /8, The second term is related to the oil stock maintenance and is

increasing in time since ¢, > 0. The third term compensates for an increase of the cost of oil stock extension.



concave. This is the case for o <1/2 in the example of oil extraction technology given in

footnote 9.

The oil rent per field is
Yy =5,65(p) +1(p)), (1.14)
where 7(p,) = p,E(p,)— ¢ ' (E(p,)) is monotonously increasing, strictly convex, and
r(0) = 7'(0) = 0. The marginal oil rent per barrel of oil in the ground is 6&(p,) +r(p,). It is
the sum of the “dynamic” marginal rent 6£(p,) compensating for an incremental decrease of
the oil stock proportionally to the extraction rate, and of the “static” marginal rent »(p,)
rewarding the owner of the oil field. The term ¢~'(&(p,)) is the extraction cost per barrel of

oil in the ground as a function of the equilibrium extraction rate. The latter is linked with the

static marginal oil rent as £(p,) = r'(p,), according to Hotelling Lemma. Though 7'(p,)
converges to 1 as p, tends to infinity (since &(p,) converges to 1), the function r(p,)

depicted in figure 2 has no asymptote line."

r(p,)

D

Figure 2: The static marginal rent

The final output per capita is f (12,) = f(k,) , given that the production inputs are
balanced: k, = ¢,/0 . The oil demand by a country 1 household is g, = 0k, . The o1l market
clears if 0k,l, = s5,,&(p,), and the equilibrium oil price is

P, =¢(bk,), (1.15)
where ¢ = &' is the inverse of the equilibrium extraction rate, and x, = Ak, /s, is the global

factor structure (the capital-to-oil stock ratio), A =/, /1, is the relative population size of

* lim((p) - p) = im{ p(E(p) =)= ¢ (£(p)] = —=0 since 0 < lim p(1—&(p)) < o0 and
lim ¢ (&(p) = o0-

10



country 1. The function ¢ is defined on the unit interval [0,]), monotonously increasing,
strictly convex, and ¢(0) =0, ¢(1) =x.

The country 1 household income is y,, = f(k,)— POk, = f(k,)—060k, —Op,k,,
according to (1.13). Taking into account the household budget constraint (1.2), the capital

accumulation equation (1.3) is represented as
k., +c,=f(k)+(1-D-0p,)k, (1.16)
where D =d +60. The marginal return on capital in period ¢ is thus
Rf =1+ f'(k,)- D —0p,. It is equal to the gross marginal product of capital, 1+ f'(k,), less
the physical depreciation rate d and the oil purchase per unit of capital 0P = 0(5 + p,) . We
call the term D in (1.16) a generalized rate of capital depreciation to emphasize that the
country 1 household income is the financial source for both the capital replacement in
country 1 and oil stock maintenance in country 2. The oil stock “depreciates” at the rate of oil
extraction &(p,) which is covered by term 66 of the generalized depreciation rate D .
Combining the oil stock equation (1.8) with the budget constraint (1.7), and the oil
rent (1.14) yields ¢, = y,, =6 (s,,, —s,+x,) =0E(p,)s, +r(p,)s, —6(s,,, —s, +&(p,)s,) or
S, +¢, =1+r(p,)/0)s, (1.17)

where 5, = 85, denotes the oil stock value in the final good unit.'* The marginal return to this

stock is R® =1+7(p,)/& . The returns R* and R’ govern the intertemporal choices by

households in both countries and do not, generally, coincide under financial autarky.

Proposition 1. The equilibrium Euler equations are
u'(c, )= BRY (c,,), (1.18)
u'(c,, )= PRu'(cy,). (1.19)
An equilibrium path of the global economy is given by the bundle
(p;sk,ss,,¢;,,j=12) satisfying the equations for the market-clearing oil price (1.15), the

production factors accumulation (1.16), (1.17), and the intertemporal choice (1.18), (1.19).
This path is determined by the initial endowments of capital and oil stocks and by the initial

consumption choice satisfying the intertemporal budget constraints for each economy. '

'* In equilibrium the in-ground value of oil in the final good unit is equal to § and is therefore constant in our
model.

'> Applying the dynamic programming would yield consumption functions as ¢, =ck,p,),c, =c,(Rs,)
and reduce a five-dimensional dynamic system for the global economy (1.15)-(1.19) to two difference equations
on k ., and s, (since p, is defined by the global factor structure).

11



1.3 The steady-state equilibrium
Consider a stationary equilibrium path along which all variables are constant in time.
The Euler equations for this path imply that SR = SR’ =1 or
f'(ky=p+D+86p, (1.20)
r(p)/o=p, (1.21)
where p = 7' —1 is the household discount rate. The time subscript is omitted in the

notation of steady-state variables. Equation (1.20) defines a positive link between the
marginal product of capital and the oil price. It extends the golden rule of capital

accumulation, f"(k,,,)= p +d . The higher is oil input coefficient 6, the more significant is

deviation from this rule, as figure 3 illustrates.

S'(k)
k) f'(k)y=p+D+06p
p+D r(p)/é
Sk gota)
o

P.

Figure 3: The equilibrium steady-state

The solution of (1.21) is the stationary oil price p, (the subscript e relates to the
equilibrium steady-state). It is high if households are impatient (o is high) or investment in
oil stocks are low-productive (6 is high). Figure 3 shows the steady-state equilibrium
defined by the pair (p,,k,), where f'(k,)=p + D+ 6p,. From the budget constraints

(1.16), (1.17), the steady-state consumption is'®
¢, =f(k,)—(D+0p,)k, (1.22)

'® The steady-state capital stock k,=f""(p+D+6p,) is decreasing in the oil price. The steady-state oil stock

is calculated from the oil price equation (1.15) as s, = Ok, /&(p,) - The steady-state investments are found

from the factor accumulation equations (1.3), (1.8) as i, = dk,, i,, = 0x, = 60k, .

12



c,, =0rk,r(p,)/ E(p,) (1.23)
Consumption in both countries positively relates to capital &k, which is decreasing in the oil
price p,. Consumption in country 1 depends negatively on the oil price, while for country 2

this dependence is ambiguous. According to (1.23), all static rent is consumed fully by
country 2, because maintenance of the steady-state oil stock is financed by country 1 through

price P, .

2. The global planner problem

Consider a planner maximizing the weighted integral utility v* = ul/,v, +1,v,, where
1 >0 is a relative weight placed on country 1. The individual utility is also weighted with
the population size of countries /,, j =1,2. In any period the planner chooses investment,

consumption, production, allocation of goods, and distribution of global income between the

countries. The set of control variables include the oil price P and a lump-sum transfer of the

final good 7, from country I to 2.

2.1. The optimal model

The problem is to maximize the integral weighted utility
Vi = ZO: B (ulu(e,)+Lu(cy,)), (2.1)
=
subject to the condition of the final good distribution:
F=C,+C, +1,+1,+Z,, (2.2)
the resource constraint for oil:
0K, < X,, (2.3)

the budget constraint per period for country 1:

c,+1,=Y,, (2.4)
and the equations for capital and oil stocks accumulation:

K., =01-d)X, +1,, (2.5)

S, =8-X+1,/6. (2.6)

where K, =1k, and S, =1,s, is the total stock of capital and oil, respectively,

Y]t :yltll :F;_RXt_T;'

13



Equation (2.2) is fulfilled as identity (1.13) in the equilibrium model. The resource

constraint (2.3) is implied from the Leontieff production function (1.5) represented on the
aggregate level as I%, =min(K,,Q, /0). From (2.2) and (2.4), the budget constraint for

country 2 holds as identity: C,, +1,, =Y.

2t

where Y,, = y,,l,=PX,+T,—Z,. Given the
initial world stocks of capital and oil, K, and S, the planner chooses at any date the oil
price P, the transfer 7, the final good output F;, the intermediate input Z, , the oil

extraction X, and the consumption-investment bundle C, ,

I, (j=12) solving the

problem (2.1)-(2.6).

2.2 Optimal oil price and investment
The oil price and the transfer are the instruments of the world income distribution. It
is shown in appendix that the optimal oil price ensures equalization of the weighted marginal
household utilities: "’
uu'(c,)=u'(cy,). 2.7)
The higher is the relative weight of country 1, the larger is consumption per capita of this
country relative to country 2. As is also shown in appendix, optimal oil price is the sum of

the marginal costs of oil extraction and oil stock maintenance for any field, P, = p, +6 . The
optimal oil extraction and the oil rent per field coincide with the equilibrium ones:
x,=5,8(p,), ¥, =5,(0&(p,)+7r(p,)) . The equality of total oil supply and demand,
S.&(p,) = 6K, , yields the oil price schedule the same as (1.15), p, = ¢(0k,).

The equations for accumulation of factors are

+C,=F(K,)+(1-D-0p)K,-T,, (2.8)

t+1

S, +C,=1+r(p)/8)S +T, (2.9)

t+1
where S, =85, is the total oil stock measured in the final good units. In making investment
decisions, the planner takes into account that the oil price p, depends on the global factor
structure x, predetermined by investment choice of the previous period. The right-hand sides

of (2.8), (2.9) depend on this price, and the total effects of investment on consumption are

captured by the marginal aggregate consumption rates with respect to the production factors,

8C,/oK,, C,13S,, j=12.

'7 The same first-order condition is obtained for the optimal transfer, but this does not mean redundancy of this
control variable, as will be clear further below.

14



Proposition 2. The marginal aggregate consumption rates for the planner’s problem

are
oC, /0K, =R — AR, oC,, /0K, = AR, (2.10)
oC,, /18S, =AR', 8C,, /6S, =R’ —AR’, 2.11)
where AR' =0°¢'(0x,)x,, AR’ = 0&(p,)p'(0Kx,)x, /6 .

The marginal consumption rate of country 1 with respect to capital, 0C,, /0K, , 1s
equal to the return on capital R, less the marginal effect of capital growth AR causing an
increase of the oil price and transferred to country 2. Similarly, the marginal consumption
rate 0C,, / 65, is equal to the oil stock return R, less the marginal effect of the oil stock
extension AR’ causing a decrease of the oil price and transferred to country 1. The planner

has to internalize these distribution effects, ignored by households. But being captured
through the optimal oil price ensuring (2.7), these effects can be neglected in optimal
investment decision, as the next proposition demonstrates.
Proposition 3. The optimal consumption-investment path satisfies:
u'(c, )= BR'(c,), (2.12)
u'(c,, ) =PRu'(c,,). (2.13)
Though these equations coincide with (1.19), (1.20), the optimal and equilibrium
paths are, generally, not identical because the returns R* and R’ are determined differently
in the optimal and equilibrium models. The optimal oil price condition (2.7) implies that the
marginal utilities ratio u'(c,,)/u'(c,,) is constant in time and, hence, the marginal returns on
capital and the oil stock are equalized at any period, R* = R’ .
This requirement imposes a condition on the optimal oil price:
r(p,)/6+6p, =f'(k)-D, (2.14)
Since the left-hand side of this equation is monotonously increasing in p,, it has one positive
root p,, given that f'(k,) > D (the asterisk refers to optimal solution). From (2.14), the
optimal oil price is a decreasing function of capital: p; = p(k,), p'(k,) <0, and it is also
decreasing in 6 . The reason for this is that any increase of oil demand leads to a decrease of
R’ and an increase of R’ . To cancel these effects out, the optimal oil price decreases
exerting a “stabilizing” comparative static effect on the returns.
Inserting p(k,) into the country 1 budget constraint (2.8) written as
¢, =flk)+(A-D-0p(k )k -1, —k

where 7, =T, /[, and inserting the optimal

t+1 2
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return to capital R*(k,) = 1+ f'(k,) — D —0p(k,) into the Euler equation (2.12) yields a
dynamic system for ¢, ,k, . It defines the optimal path for country 1, given the optimal
transfer path 7,, irrespective of country 2 path. The latter is predetermined by the capital path

in the following way.

The returns-equalizing oil price p(k,) must coincide with the market-clearing oil
price: p, = ¢(Ok,). This is fulfilled if Ox, = ' (p(k,)) = E(p(k,)) implying that the optimal
oil stock is

s(k,)= 0k, /1 &(p(k,)) . (2.15)
This stock is an increasing and convex function of capital since$'(p,) >0, p'(k,) <0. Due
to (2.15), the volume of investment required to ensure the stock s(k,,,) 1s
i,, =5(k,,,)—5(k,)+ 510k, . Then consumption in country 2 should satisfy the budget
constraint (2.9) represented as c,, = (1+r(p(k,))/d)s(k,)+ t,, —5(k,,,), 7,, =T, /1,, and the
Euler equation (2.13) with p, = p(k,) . These two equations are compatible in any period due

to the choice of transfer.

Given the initial capital stock, k, the optimal path of country 1 is selected through

the choice of c;, satisfying the intertemporal budget constraint for this country (obtained by

iterating (2.8) over time):

S (R K)) (e iy +7,— 1) =0. (2.16)
The initial consumption for country 2 is found from (2.7) as ¢, =’ (/,t“u’(cl*o)) or
¢y = 1% ¢, for the case of isoelastic utility u(c)=(c'* =1)/(c —1), o > 0. This
relationship should be valid for the initial oil stock s, and any relative utility weight x . The
latter is matched with the time-averaged expected transfer 7 derived from the intertemporal

budget constraint for country 2 similar to (2.16): T = ZZO 8T, , where

9 = z;o (H;OR" (kl.))_] / ZZO (H;OR" (kl.))_] is the time weight of period-¢ transfer.

2.3 The steady state

Along the stationary optimal path the Euler equation (2.12) for country 1 transforms

into BR*(k)=1 or f'(k)= p+ D+ 0p(k). The stationary optimal oil price coincides with

16



the stationary equilibrium oil price,'® p(k) = p, implying that the optimal capital stock is the

same as in the steady-state equilibrium, k" = k, . The optimal oil stock is also the same,

*

s =s,= 0k,/E(p,), as well as investments in these stocks: i, = dk,, i, = 60k, .
Optimal consumption, however, differs from the equilibrium one due to the transfer:
¢ = f(k,)=(D+0p)k,~1, (2.17)
¢; = 02k, (p,) | E(p,) + 7, (2.18)
where r; =T/l ; 1s the stationary optimal transfer per capita, j =1,2. It is calculated for the
isoelastic utility from the marginal utility equalization (2.7) implying ¢, = u''?c, for
isoelastic utility. Combining this with (2.17), (2.18) and rearranging terms yields

o SN =(D+0(p, + 1" Ar(p,) EP),

L . A higher utility weight of country 1 implies a
I +u '’

lower transfer to country 2.
The equilibrium and optimal stationary paths thus coincide for all variables but
consumption which is shifted due to the transfer. The equilibrium steady-state path is optimal

for an utility weight corresponding to zero transfer, 7 =0.

2.4 The international bond market

Since the Euler equations coincide for the equilibrium and optimal models, the
planner can rely on individual choices of consumption and investment, provided that the
factor returns are equalized.'® The financial autarky does not ensure it (except for the
stationary path). Consider the simplest case of financial openness. Let households trade in

one-period bonds with risk-free return R,, and b, denote the foreign bond holding by a

country j household. The household budget constraints are rewritten as &, +b

t+1 w1 TCn =

f(k)+(1—=D-0p)k,+Rb, for country 1, and 5,,, +b

t+1

b +C, = RS, +Rb,, for country 2.
The bond market 1s in equilibrium, Ab,, +b,, =0, only if the returns on bonds and
production factors are equalized: R, = R* = R’. The second equality is fulfilled for the

optimal price p(k,) determined in period ¢ —1 simultaneously with R and R’. One can

'® Inserting f'(k) into the optimal oil price equation (2.14), yields r(p(k))/ & + Op(k)— (f'(k)- D)=
r(p(k))/ 6 +0pk)— (p+0plk))=0 or r(p(k))/ S = p which is equivalent to the equilibrium steady-state

Euler equation (1.21).

' The effect of investment on the oil price and the factor returns is neutralized in the optimal model by the
redistribution effect of the marginal utilities equalization. Individuals make investment decisions as if they
capture these effects by neglecting both.

17



interpret it as a forward oil price p/ contracted in period # — 1 and eliminating arbitrage

opportunities. It coincides with the spot market-clearing price in period ¢, p/ = p,.

Households in country 2 infer from this that the oil stock is linked with capital according to

(2.15). They make consumption-investment decisions based on the capital-linked investment
schedule i,,_, and take into account the budget constraint (1.7) and the Euler equation (1.19).
These conditions are compatible due to the bond issues or purchases b,, — R,b,, | similar to
transfer 7,, , in the planner’s model.

Consequently, international trade in bonds ensures optimality of equilibrium path.

The initial debt per capita b, corresponds to utility weight y in the same way as the time-

average transfer 7 corresponds to this weight in the planner’s problem.

3. A model with uncertainty

The basic model is extended in this section to consider risk sharing between the

economies and investment under uncertainty. It is assumed that the oil demand parameter 6,
is stochastic and driven by a Markov chain with the finite number of states N . The

realizations 0, = 0" are ordered as 0' < 0* <...< 0", and the transition probability is

7 = Pr(0, = 0°

0.,=0,>" 7*=1.

3.1 Equilibrium under financial autarky
Households maximize the expected value of consumption, v, = E; ZZO pu(c,),

Jj =12, subject to the budget constraints and the factor accumulation equations that are the
same as in the basic equilibrium model. Production and trade take place in each period ¢
after realization of 6,, but investments in production factors are decided in period ¢ —1.
Though the production factors &, and s,, as well as the final output f(%,), are known with
certainty by the beginning of period ¢, the global income distribution is uncertain because the
equilibrium oil price P(6,) is unknown.

The static equilibrium conditions derived above for the deterministic model are valid
for any 6, observed in period ¢ : the equilibrium oil price is P(6,) =6 + p,(6,) where

p,(0,) =p(0,k,) is the marginal extraction cost term as the function of the oil input



coefficient times the factor structure. The household incomes are
(0 = f(k,)=dk, = (6 + p,(0))0k,, y,,(0,) =5,(55(p,(6,)) +r(p,(6,))). The capital
return R*(0,) =1+ f'(k,)— D(0,) — p,(6,)0,, D(0,) = d + 50, is negatively correlated with
the oil demand shocks 6,, while the oil stock return R;(0,) =1+r(p,(6,))/ 6 is positively
correlated. The stochastic equilibrium Euler equations are
u'(c, )= BE,_R''(c,), (3.1
u'(c,, ) =PE, Ru'(c,,). (3.2)
where E,_\Ru'(c;,) = z::] R/(0% '(c,(6°)x* , given that 6, = ', is the conditional
expectation built on information of date #—1 and the Markov transition probability
(I=k,j=lorl=s,j=2).
Under stationary stochastic equilibrium, consumption in country j=1,2 and
production factors are contingent on states at any date ¢: ¢, (') =c',, k,(0") =k,
5,(0") =s' if 6, = 6" * This equilibrium is in general inefficient since the marginal rates of
substitution u'(c%,)/ u’(c;e) are not equalized across states unless the risks are traded between

the countries.

3.2 The planner’s problem

The planner maximizes the expected weighted integral utility

Vi = EOZ ﬁ’(/,tl]u(c,,) + lzu(c2,)) subject to the equations for global income distribution
=0

(2.2), (2.4)-(2.6), and the resource constraint for oil (2.3) written as 6,K, < X,. The global
economy is subject to aggregate uncertainty since the oil demand shock 6, affects input

decisions that cannot be eliminated through allocation of goods in period ¢.
The planner uses the same policy tools as in the deterministic model including the oil

price P(6,) and the lump-sum transfer 7,(6,) from country 1 to 2 that are chosen after 6,

has been observed. Weighted marginal utilities are equalized at any state:

wid'(¢, (61)) = u'(c,,(6")). (33)

2% The oil-augmented golden rule of capital accumulation (1.20) and the marginal oil rent equation (1.21) are
; 11, N i ig i N i ig i
generalizedas f'(k])=p+d+ Zg:l 0% (5 + (0%’ )7y and Zg:] MOk )™ 3¢ = 8p.,

respectively, where &, = Ak, /s,, 7' =u'(c$)/u'(c),).
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i =1,..., N . Once the uncertainty about 6, is resolved, 6, = 0, the static optimal plans of

production and trade in goods are calculated in the same way as in the deterministic model.

As above, the effect of investment on the next-period oil price can be neglected under (3.3).
Let E 1 denote a conditional expectation for country j defined on the risk-adjusted
probability distribution 7 = z*u'(c,(6))/ E,_u'(c,), given that 6,_, =6".
Proposition 4. (i) The optimal path satisfies the stochastic Euler equations
u'(c, )= ﬂE,_]Rfu’(cﬁ), (3.4)
where [=k,j=1 or [=s,j=2. For this path: ii) the risk-adjusted transition probabilities
are the same for both countries:
Tl = =
for i,g =1,...,.N, and iii) the risk-adjusted expected returns are equalized:
E_RF=E, R (3.5)
The country subscript is omitted in the notation of conditional risk-adjusted
expectation E,_, because it is the same for both countries due to the equalization of risk-
adjusted probabilities. The optimal and equilibrium investment plans coincide due to (3.4)
and (3.5). The latter equation is represented as £,_,[r(p, (6,))/5 +6,p’(6,)+6,5] =
f'(k,)—d . Since the optimal price must ensure market clearing, p, (6,) =@(6,x,), we have:
Et_] [r(p(0k,))/6+0p0K,)+0,0]=f'(k)—d. (3.6)
This is an equation for optimal factor structure x, extending (2.14). Its left-hand side is
increasing in x,, implying the unique solution x, . Consider a second-order approximation
for x, by assuming that the extraction rate 0k, is small*'. Suppose that the oil extraction
function ¢(z, /s,) is of sufficiently high curvature near zero to guarantee that £'(0) =0,
—£"(0)/E'(0)° = ¢"(0) = 0 (the latter condition is fulfilled for our reference example in

footnote 9 for o < 1/3).
Proposition 5. The squared optimal factor structure is approximately equal to

K_t*z ~25 f (kt) :dg_zé‘Et—lgt )

=17t

(3.7)

2! The assumption of small extraction rate fits the stylized facts about the global oil industry. Smith (2009, p.
153) points out that OPEC’s installed production facilities are sufficient to extract 1.5 percent of its proved
reserves per year, while non-OPEC producers have installed facilities sufficient to extract 5.6 of their proved

reserves each year.
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The nominator in the right-hand side of (3.7) is the marginal product of capital in

period ¢, net off the expected generalized depreciation rate. The denominator is the second-
order moment of 6, built on the risk-adjusted transition probabilities 7. According to (3.7),
the expected return on capital is equal to the risk premium calculated as KjZE,_]QIZ /26 and

rewarding households in both countries for the adoption of the risky factor structure.

The optimal oil stock is equal to s = Ak, /x or, from (3.7) **

E 92 1/2
t —ﬂk, t—171 _ )
25(f’(kt) —-d- 5Et—]9t)

It 1s increasing and convex in capital entering explicitly the right-hand side of (3.8), and is

(3.8)

decreasing in the conditional moments E,_] 0, and E,_]Qf . By the Markov property of 6, , all
information about this parameter available in period ¢ —1 is contained in 6, ;. One can
assume that the structure of the transition probability matrix is close enough to diagonal to
guarantee a strong positive autocorrelation for 0, sufficient for both conditional moments
E_0 and E,_6? to be increasing in @,_, . Then, from (3.8), s is increasing in 6, .

This property implies a qualitative rule for optimal investment policy requiring that
x, should decrease in response to a positive oil demand shock. Optimal oil stock investment
exerts, according to (3.8), a stabilizing effect on the optimal oil price. Realization of high 6, ,
causes an upward movement of this price in period ¢—1 but, according to (3.7), there is a

downward effect in period # on ¢(6,x,) through a decrease of the optimal factor structure.

3.3 State-contingent securities
Consider a market for one-period Arrow securities providing mutual insurance for

countries. In states with low 8% country 1 is an insurer, while in states with high 6% it is

insured by securities purchased from country 2. A security issued in period ¢#—1 is a promise
to pay a dollar in each state g =1,...,N in period 7. Let af denote state-g security purchased
in period #—1 by a household from country j =1,2 at price v, under state 6, , =6'. The
household budget constraints are

k,+a,+c,,=fk_)+(1-D@O_)-0_p, (0_)Dk_ +a| ,, (3.9

§t +a2t +02t—] = Rts—](gt—])Et—] +a;t—] > (310)

22 As above, consumption plans of the countries are compatible due to the choice of transfers 7,,,(0,)-
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where a, = zlgv:] wia 4 1s the total purchase of state-contingent securities by the household.

The markets for these securities clear if /,a} +1La; =0 for g=1,...,N .

Proposition 6. Trade in state-contingent securities yields: i) equalization of the risk-

adjusted transition probabilities across countries for any state:
T =T =TE, (3.11)
ii) equalization of the risk-adjusted returns:

E_R'=E R =R, (3.12)
where R, =1/ zlgv:] w ¢, is the risk-free rate of return, and w* =7 / R, .

The risk-free return in (3.12) is yielded by a uniformly weighted portfolio of
securities. The factor returns are equalized for x, =k, due to identity of the first-order
conditions for investment (3.5) and (3.12). The market-clearing oil price is optimal in any
state 6, = 0¢ since p, (0%) = (6%, ), and, as a result, households make optimal investment
decisions. The implicit forward oil price is the mean of state-contingent prices:>

p!/ =E,_0,p/(6,)/E, 6, .1t ensures equalization of risk-adjusted expected returns similarly

to (2.14): E_r(p,(0))/5+p/E 6 = f'(k)-E_D(,).

3.4 Cross-country investments and the global asset portfolio

The assumption of complete markets is essentially relaxed if we introduce cross-
country investment in the production factors. Suppose that households in both countries
make direct and indirect investments in capital and oil stocks and also trade in one-period
risk-free bonds. Indirect investment is an amount of capital or oil stock acquired by a
household in a perfect international market for production factors. There are no shares, and a
firm or an oil field is purchased as a whole. Direct and indirect investments in asset holdings

are supposed to be perfect substitutes.

*In state g households receive transfers: a2 = (p,(0%) - p/ 0%k, , —at, = (p! — p,(6%))x, . The total payment
to each country is [, = (p,(0%) - p/ V0K, = (p,(0%) - p/ )X, = [,a5,. From proposition 6, the price of each
contract is y'¢ = 7% /R , given that 0,_, = ', and the net trade of these contracts is La, +hLa,, =

22::1 wi0°K (p] - p,(0) = (2K, /R,)Z::I 7202 (p] — p, (6%)) = 0 implying the forward oil price as
OO E, 0,010,

N ~i o
07 E 0,
g=1 !

p!
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As in the basic model, firms and oil stocks are homogenous, and their numbers are /,,

[,, respectively. The capital per firm k, and the oil stock per field s, evolve according to the

equations
k,=(0-d)k,_ +i +27"
S =84~ +(Aln |t iy 5,)/ 6.
where i* ﬂ 1y j,”_ , are the amounts of direct investment in capital and oil stock, respectively, by

a country j =1,2 household. Labor is immobile and each manufacturing firm in country 1
employs one worker who is a resident of this country. Since the labor supply is inelastic, each
employee is rewarded by wage w, = f(k,) — f'(k,)k, .

Let k, , s, denote the volumes of capital and oil stock owned by a country j

household, and i* denote indirect investment by the household in acquisition of a

]t 1> ]t 1
firm’s capital or an oil stock, respectively. The household asset holdings evolve as

k,=(-d)k 44

Jt=1 ]t -1 jt=12

—x,, +(@Y ')/6.

ji-1 ji-1 ]t 1

where x, , are the volumes of oil extraction related to the oil stock owned by a country ;

household and satisfying: x,, , =4"'x, , x,,, =x,, (since x,, =X, /L, [, +1,=1).

t—-1°
Production units are purchased at market prices y, and ., which are the Tobin’s Q for a

firm and an oil field, respectively.

The household income on factor holdings in period ¢ is

,j=1
vy =(f' k)~ d —86,-0,pO)k, + &, +r(p,(6)s, +®,, where o, {0’ / , indicates
» J=

that the wage is received only by country 1 households. The household budget constraint in

period -1 1s Z(l]t 1'“//: - 1)+b TCi =V | TRD,

i1 or, after rearranging terms:
I=k,s

(Wt 1 _l)l]t 1 +(W; 1 _l)l]t 1 +kjt +§jt +bjt TC =
R'k +Rb

t]tl t]t] t]t]

(3.13)

where b, is bond holding, R, is the risk-free bond return.
Households choose at any period consumption ¢, , the holdings of capital &, oil
stock 5, =Js, and bonds b, under factor prices w',, w’, , wage w,, and the returns R",

R’, R . The international financial markets are cleared if Ai| + i = Ai + i =
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Ab,, +b,, = 0. In equilibrium the volumes of factors per a firm or an oil field are linked to the
factor holdings by households as k, =k, + A"'k,,, s, = As,, +s,, (since k, =K, /1,

Ak, +k, Ak
As,, +5,, s

t

s, =8, /1,). The global factor structure is equal to x, =

t

Proposition 7. Under cross-country investment in factors and trade in bonds: i) the
Tobin’s Q are equal to one for both production factors, w* =y’ =1; ii) the risk-adjusted

expected returns on portfolio and direct investment are equalized across factors and

countries, j=12:

R =E, R =E, R (3.14)

Jt=1 Jt=1

iii) For a small oil extraction rate the global factor structure is near optimal:

K,2 ~28 f (kt) :dg_zé‘Et—lgt )

=17t

(3.15)

The Tobin’s Q are equal to one because direct and indirect investments are perfect
substitutes for households. According to (3.14), the risk-adjusted expected returns on both
factors coincide. The country subscript j near the expectation operator in (3.14) means that
the risk-adjusted probabilities, generally, differ between the countries since the interstate
marginal rates of substitution differ. Nevertheless, the two first moments of the risk-adjusted

conditional distribution of 6, coincide. From (3.14), the expected factor returns are the same

~

across countries: £

~

RF=E, R and E, R’ =E, R’ implying coincidence of the first-

and second-order moments, respectively: £, 0, = E, 0, =E,_6, and

E, 0*=E, 0’=FE _60". Higher-order moments may differ across countries, but they are

neglected under the second-order approximation (3.15). As a result, the factor structure given
by this equation turns out to be the same as (3.7), implying near optimal investment for a
small extraction rate.

In general, the expected factor return is the sum of the risk-free return and the risk
premium which is equal to the minus covariance of the marginal utility of consumption and

the factor return divided by the mean marginal utility of consumption:
E_R/ =R, —Cov_ (' (c,),R)/E_u(c,) for I =k,sand j=12.From (3.14), this

covariance is negative for both countries and both factors, and the risk premium is positive.
Cross-country investment, thus, results in a positive correlation in the factor returns and in

the marginal rates of interstate substitution across countries. This means that households in
both countries compose investment risks in a similar way indicating a high degree of

international financial integration.
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To clarify this issue, consider a benchmark portfolio of factor holdings G, which is

built on the weights corresponding to the equilibrium factor structure of the global economy

. 59 =(1-a(x))G,

. G _ _ _ . . .
K ky;=ak)G,, s, = «» where a(k,) =k, /(6 +x,) is the weight of capital.

The return on this portfolio is R%(6,) =1+ a(x)[(f'(k,) - D(6,) —¢(0,x,)/ k,].>* The

benchmark portfolio provides mutual hedging of countries against fluctuations in the

marginal extraction cost. The term 6, p,(60,) , which is the source of negative correlation in

the factor returns R*(0,) and R’(0,), is diversified away by taking mutually offsetting

positions in capital and oil stock holdings.
With the benchmark portfolio, the end-of-period household wealth is represented as
k,+s,+b,=G,+g,+b

.« » and the beginning-of-period disposable wealth is

Rk, +Rs, ,+Rb, +w,=R’G

t "V jt—1 t " jt-1 t~ jt-1

+(Rf -R)g, +Rb,  +®

b +o,,where g, is a zero-

Jjt-1
sum portfolio of country j consisting of a long/short position in capital and a
counterbalancing short/long position in oil stock.. The return on this portfolio is equal to the
gap of factor returns R — R’ . In equilibrium Ag,, +g,, =0, and the zero-sum portfolio

provides a gain for one of the countries at the expense of the other one. There is a critical
level of 0, below which a country with long position in capital gains, while the other
country losses. A high degree of financial integration means that the weight of the zero-sum
portfolio in household wealth is small or zero. Households in one of the countries have to
reject from holding this portfolio if households in the other country do the same, and vice

versa. In such equilibrium g, =0 for j =12 and all diversifiable oil price risks are

eliminated. All non-diversifiable risks are then contained in the benchmark portfolio G, , and

none of the countries benefits at the expense of the other one (under financial autarky, on the
contrary, G, =0 for j=12).

Proposition 8. The return on the benchmark portfolio is represented as
R(0)=R, +AR°(0,), where AR®(0,)=a(x)[5(6, —6,)+(¢'(OK,)— ¢ (0,x,))/K,] is the

excess return, and 9_, is a threshold oil input coefficient such that AR’ (9_, )=0.

* Since RY(6,) =1+ f'(k,)—D(6,) - p,(6,)6, , R’(6)=1+7(p,(0,))/5, the benchmark portfolio return is
RtG (et) = RtA (et)a(Kt) + Rts(et)(l - (I(Kt)) =1+ [(f'(k/) - D(G/) - ¢_l (G[K[)/K[ ]O{(K[) - The marginal

extraction cost term p (6,)6, is eliminated from RtG (0,) since the static marginal oil rent is

"(p,)=pE(p,)—¢"(E(p,)).and &(p,) = Ok, under the oil market clearing.
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The excess return on the benchmark portfolio AR’ (6,) is composed of gains or losses
from movements of the oil input coefficient 6, relative to the threshold level of this
coefficient 9_, ensuring certainty equivalence: R® (9_, )=R =
l+a(x)[f'(k)- D(Q_,) —¢! (Q_IK‘I )/x,]. The excess return is obtained from changes in the
marginal cost of oil stock maintenance, o (9_, —0,), and in the cost of oil extraction per barrel

of oil in the ground, ¢~'(6.x,)— ¢ '(Ox,), relative to the threshold level.

The formula for excess return is simplified for a special case of Markov chain with a
quasi-diagonal transition matrix: 7 >0 for g=i—1,i,i+1 and 7 =0 otherwise, provided
that 1 <i < N, N >3. Inthis case 8, can move from one period to the next only to the

neighbor states or remain in the same state. If the variation of oil input coefficient 8" — 0" is

quite small for any state, then the excess return on the benchmark portfolio is: *°

ARF(0,) = a(k,)F/ (6,)A0,,
where AG, =0, -0,, P/(6)=6+p,(0,), and 0, (6._,.,6.,,) . Households in both countries
obtain a positive (negative) excess return in period ¢, if the oil input coefficient turns out to

be below (above) the threshold level, 6, < (>)9_, . The benchmark portfolio rewards or
punishes investors for oil demand changes relative to this level measured as a(x,)A, and
priced through the forward oil price P’ (9_, ). The latter is based on the threshold oil input
coefficient 6, and the equilibrium factor structure «,, both known in period 7 —1. The higher

is this price, the larger is the mean excess return £, AR’ (0,) providing thereby stronger

incentives to invest in both factors.

As a result, the benchmark portfolio of assets ensures that the returns on risky
household investment under financial openness are positively correlated. The risks of the
benchmark portfolio are defined by the global factor structure and identical for both
countries. Holding this portfolio rewards households in both countries for energy-
economizing shifts of production technology and encourages risky investment if the oil

demand is high.

» Wehave: ¢7'(0,,)— ¢ (0.x,)~ 2'(0,5,)AO K, = (O, )AB i, = p,(,)A0k,. Then AR®(6,) =
a(x)[6(6,-0,)+($ ' Ox,)— ¢ (0x))/ k]~ a(k, )5+ p,(0,)A0, = a(x,)P(6,)AH,-
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Concluding remarks

The global economy is energy-dependent if energy consumption is comprehensive,
capital and energy are to a large extent complementary production factors, and international
trade in the energy-careers is highly specialized. The model of this paper reflects these
features, though in a stylized form, and emphasizes dynamic interdependence between
capital and oil stock. As has been shown, financial openness under energy-dependence is
necessary for optimal investment in production factors. Cross-country investment reduces
negatively correlated risks and promotes households to build portfolios composed of non-
diversifiable and perfectly correlated risks. The benchmark portfolio corresponds to the
global factor structure and combines the risks of oil extraction and oil stock maintenance.

The model also captures, in our view, the essence of vertical financial integration
between oil consuming and producing economies. If households in both countries have the
same investment opportunities, then the cross-country allocation of risks depends on whether
or not households hold the zero-sum portfolio. On one hand, absence of this portfolio means
a full financial integration in the sense that households diversify away all negatively
correlated risks. The distribution of risks between the countries in this case is given by a
combination of the benchmark portfolio and the debt holding. This combination is
determined, first of all, by cross-country wealth differential and by dependence of household
risk attitude on wealth. On the other hand, presence of the zero-sum portfolio in the structure
of wealth means that households take a long or short position in the home factor. The short
position is possible due to the cross-country heterogeneity of wealth caused by the absence of
labor income in country 2 and a high positive correlation of labor and capital incomes in
country 1. Alternatively, country 1 may take a long position in oil stock and issue initial debt
generating a flow of debt payments to country 2 perfectly correlated with labor income.

Analysis of possible portfolio structures is the subject of our further research.
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Appendix

Gty pue,)

Proposition 1. The Euler equation for country 1 is: u'(c,, ;) % 62” =0.
t t

We have from (1.2), (1.3): dc,,_,/0k, =1, and, from (1.16), éc,, /ok, =1+ f'(k,)— D —6p,

implying u'(c,, )= B+ f'(k,)— D —6p,)u'(c,) . Similarly, this equation for country 2 is:

ath—] ' ath
+
, pule.) ,

u'(c,, ) =0. From (1.2), (1.3) we obtain: Oc,, ,/0s, =—1, and from

(1.17), c,,/ 05, =1+r(p,)/ o , implying u'(c,, )= pA+r(p,)/d)u'(c,).

The global planner problem (2.1)-(2.6): The Lagrangian for this problem is

0

L= Blulu(e,) + Lu(c,) +n,(6K, — X,)), where 7, is a dual variable related to (2.3).

t=0

We have, from (2.2), (2.4)-(2.6) that ¢, = (F, —(POK, - (K,,, - K, +dK,) - T)/1,,

t+1

¢, =(PX,-Z - o(S

t+1

-8, +X,)+T,)/1,. The first-order condition for the oil price P, is

HOK u'(c,,) = Xu'(c,,) or uu'(c,)=u'(c,,) for (2.3) held as equality. The same first-order

condition 1s obtained for 7.

The first-order condition for oil extractionis P =0z/0x,+8 +n, = p,+6 +n,, where

n, =n,/u'(c,,) is the dual variable in the final good units. The constraint (2.3) holds
identically as equality for oil rent-maximizing oil supply X, =S E(p,) implying that

p,=@(0K,/S,) and 1, =0. The optimal oil priceis P =p, +7 .

Proposition 2. From the capital accumulation equation (2.8), 0C,,/ 0K, =
1+0F /0K, —D —0p,—0K,0p,/ 0K, = R — 0K 0¢'(0x,)/ S, = R —0°¢'(Oxk, )k, , because
OF /0K, = f'(k,) and p, = ¢(0k,) . From the oil stock accumulation equation (2.9),
0C,, /0K, = (§, /18)dr(p,)/dp,-0p,/ 0K, = S,E(p,)0p'(Ok,)/ S, = 0°¢'(Ok, )k, because
r'(p)=&(p,),and S,&(p,)=06K, from the oil market-clearing condition (1.15).
Similarly, from (2.9), 8C,,/3S, =1+ r(p,)/8 +(S,/8)dr(p,)/dp,-dp,18S, =

R ~SE(p)0p' (0K, )K, 1576 = R* —05(p,)¢'(Bk, )i, /8 , and from (2.8),
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0C,, 1S, = 0K 0p, /S, = 0K 0¢'(0k,)K, | §*5 = 0£(p,)¢' (0K, )k, /S , because
0K, /S, =&(p,).

Proposition 3. The Euler equation for investment in capital is

oc,,

]t

Hl, {u (2 1) j| { (G 1) +ﬁ (c 2;) }:O(All)

/0K

t—1 t

The capital accumulation equation (2.8) implies that dc,, /0K, =1,'0C,
=-1". From (2.10), oc,/0K,=1'6C, /0K, =(R' — AR, AR' =0%¢'(6k,)x, . Similarly,
from (2.9) and (2.10) we have that dc,, ,/0K, =0, oc,, /0K, =1,'0C,, /0K, = AR'L;".
Inserting the marginal consumption rates into (A2.1) yields:

ul- (e, ) + Bu'te, J(RE = AR [+ Bu'(e,)AR! =
or u'(¢c,,_,)= BR'U'(c,)— BAR p,(u'(c,) — 1" 'u'(c,,)) . Due to (2.7), the second term on the
right-hand side of this equation is zero implying u'(c,,_,) = R u'(c,,).

The Euler equation for investment in oil stock is

+ﬂ wes) 3 02' . (A22)

,Ul u(C],]) +ﬁ (1,) } { (2;1)

Equations (2.9) and (2.11) imply that éc,,_,/3S, =0, éc,, /S, =17'6C, /3S, = AR'I;",
where AR’ =60&(p,)o'(0x,)xk, /8 , and éc,,_,/6S, =1,'0C,, , /8S, = -1,", éc,,/8S, =
1,'aC,,/0S, = (R® — AR")L,". Inserting these derivatives into (A2.2) yields:

HPu' (¢, )ART —u'(cy, ) + Pu'(c, )(R) —AR) =0
or, rearranging terms, u'(c,, ;)= BRu'(¢c,,) + PAR’ (/,tu’(c],) - u’(cZI)). The second term on the

right-hand side of this equation is zero and, as a result, (A2.2) is equivalent to

u’(CZt—]) = ﬁRtSu’(CZI) .

Proposition 4. (i) The stochastic Euler equation for capital is

u{ ﬁE,]u(c]JSj(} { W(ey )2 —l u'(czggj(zr}o_

t t
The marginal consumption rates are defined for any state in the same way as in proposition 2
for the deterministic model. Taking into account the condition of weighted marginal utilities
equalization in any state (2.7) yields the Euler equation (2.12) in the same way is in the proof

of proposition 3. The stochastic Euler equation for oil stock (2.13) is derived similarly.
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ii) Condition (3.3) implies that for any g =1,...,N:

(e, (0%)  _ u(cy(0)
U, (01) Y mu(e, (07))

0, ,=0', which can be written as u'(c,(0%))/E, u'(c,,) =u'(c,,(0°))/ E, u'(c,,) and means

t

equalization of risk-adjusted transitional probabilities: 7% = 7}¢ for i,g =1,...,N.
iii) The Euler equations (3.4) can be combined as

Et—]Rtku’(c]t) _ Et—]RtSu’(CZI)

u’(cn—l ) u’(CZI—] )

From (3.3), the ratios of marginal utilities equalize between countries for i,g =1,..., N :

u'(c,(0%)) _ u'(c,(6%)) _
“’(cn—l(gi)) u’(CZI—](Qi))

Substituting for these ratios in (A3.1) for each state g yields

(A3.1)

E_Rfu'(c,)=E_Ru'(c,),

~

for j =1,2. Dividing this equation by E,_u'(c,) yields £/ RS = E/ R’ or, since the risk-

t

adjusted conditional expectations coincide for j=12, E, \R* =E,_|R’.

Proposition 5. The Taylor series expansion of the second order for the left-hand side

of (3.6) yields: EI_] [r(p(0,x,))/ 0+ 090k, )+00]= EI_] [7(¢(0)) /6 + 60,9(0) +

2
¥(0)p'(0)0,, /5 + 0,0'(0)0., + %(ax,)z /26 +0,0"(0)(0,x,)’ /25 +6,5]=
IKI

d’r(p(0

E_[0'(0)0k, + e )Z) 0,x,)* 125 +0,0"(0)(0,x,)* /25 +6,5], since
th

7(0) = p(0) = 7'(0) = 0. We have: ¢'(0)=1/&£"(0)=0, ¢"(0)= —E"(0)/&'(0)° =0,
d*r(p(0))/d(0.x,)* =r"(0)p'(0) + ' (0)p"(0) = r"(0)p'(0) = £'(0)/£'(0) =1. As a result,
the right-hand side of (3.6) is approximated as E,_] [(0x,)' /26 +0,5]=

(x} /28)E, 0} +SE, ,6,, and (3.6) is represented as

f'(k,)-d-5E,_0,
E_0; '

=17t

(k2 128)E, 0% +SE, 0, = f'(k,)~d , implying x? =28

-1t

Proposition 6. The first-order condition for the state-g contingent claim is

(e, (07) = pru’(c, (%)), (A3.2)
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for j=12,0,,=0', 0, =0%,and i,g =1,...,N . Summing both sides of (A3.2) over states g
implies: u'(c, )= BRE, \u'(c;), where R, =1/ zlgv:] w ¢, . Inserting this into (A3.2) yields:
wE =R w%u'(c,(0°))/ E_u'(c,) or T;¥ =y 2 R,, which means equalization of risk-
adjusted transition probabilities between the countries: 7¥ = 7.f = 7% . Equalization of risk-

adjusted expected returns (3.12) is shown in the same way as for proposition 5.

Proposition 7. The Euler equations for direct and indirect investment in production
factors are u'(c, ) = BE,_Rju'(c,), v, u'(c, ) = BE_Rju'(c,), respectively, [ =k,s,
j =1,2. These equations are compatible only if /|, = 1. The equations for bonds are:
u'(c; )= PBR,E, u'(c,). Combining all these equations yields:

R =E,_Ru'(c,)/E _u(c,)or R, =E, R =E,

Jt-1

R:.

Jjt-1
The latter equation is similar to (3.6), and yields the similar second-order

approximation: (x; /28)E 0 +6E, 0, ~ f'(k,)—d . Since the expected risk-adjusted

Jt=17t

: [ k_ kT s _ s s :
returns are the same across countries, we have £, R/ =E, R/, E,_\R] = E,_|R] implying

121

E, 6 =E, 06 =E_0 and E, 0’ =E, 6?=E,_#@*, respectively. The first- and second-

order risk-adjusted moments of 6, coincide, and we obtain (3.15).

Proposition §8: proof is straightforward.
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